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A new technique of modelling nonlinear viscoelastic behavior of low-density flexible foams including
cellular plastics used in advanced implants, namely, artificial analogs of periodont of the dental system and
trabecular bones of the skeletal system has been developed. The material microstructure is modeled by a rod
structure with chaotically oriented cubic cells. Young’s modulus and critical strain (i.e., the case of stability
loosing) dependence on the solid state phase fraction of flexible cellular plastics has been investigated. The
dependences of tangential stress on shear strain, hydrostatic pressure on volume strain and axial stress on
longitudinal deformation with taking into account solid phase viscosity at a given strain rate have been obtained
for the simulated materials. The numerical results led to the conclusion that at a certain compression rate the
transversal strain factor of a material becomes negative.

Key words: flexible foams, cellular structures, implants, large rod deflections, viscoelastic behavior, structural
unit.

1. Introduction

Cellular plastics, including foams, are very efficient structures with respect to optimizing the strength and
stiffness at preserved weight. Such materials are commonly employed in cushioning, insulating, damping, packing
etc. Stiff foam is currently used in many load-bearing applications aimed at optimizing the strength to weight ratio
of structural elements. Compliant foam is used in other applications, such as seat cushions and sponges.

The term cellular is appropriate when the material contains polyhedral closed cells, as if it had
resulted from solidification of a liquid foam. Often they have no proper cells (Chan and Evans, 1997),
although such materials are commonly classified as cellular. Recently, we have begun to realize the potential
of these materials and as a result these cellular solids are increasingly used for structural applications, for
insulation, for load bearing, for absorbing the kinetic energy from impact (Gibson and Ashby, 1998), as well
as a lightweight core in sandwich panels. Encouraged by the engineering potential of cellular materials, one
is motivated to understand the mechanical behavior of the cellular solid.

So, all the materials mentioned above may be useful for creating advanced soft implants, namely, the
artificial analogs of periodont of the human dental system (Nyashin et al., 1999) and trabecular bones of the
skeletal system (Overaker et al., 1999). But the mechanical properties of implant structures which imitate
essentially the non-linear deformation behavior of their vital prototypes, i.e., biotissues, should be studied
more thoroughly. Thus, to predict the deforming behaviour of such materials under various types of loading
the corresponding mathematical models should be developed.

2. Simulation technique

For the open-cell flexible cellular plastics structure simulation we use a rod structural unit with
chaotically oriented cubic cells (Warren and Kraynik, 1987; Dement’ev and Tarakanov, 1970a). We
characterized the deformational behavior of the simulated material by the deforming process of the structural
unit, presented in Fig.1.
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 Fig.1. Structural unit of flexible cellular plastics.

It is worth mentioning that such kind of a unit cell model with chaotically oriented cubic cells had
already been simulated by Warren and Kraynik (1987). However, there had been used not a spherical, but a
cubic structural unit. Besides, the shear deformation of rods also had not been taken into account there.

Structural unit rods in Fig.1 are directed normally to cubic planes. Symmetry of the element allows
one to represent the displacement of force application points (ends of rods) relatively to the rods joints
through the deformation tensor components.
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where L – the structural unit rod length; LiLi y,x  – coordinates for the end of the i-th rod ( )6...1i =  in the xy
coordinate system; the x axis is directed longitudinally to the i-th rod in a non-deformed state (Fig.2).

Equation (2.1) refers to the deformations for which the Cauchy relations are satisfied (Landau et al.,
1986). Here the value of parameter L can be related to the solid state volumetric fraction by the following
equation
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where Vm – the volume of rods in a structural unit; V – the structural unit total volume before deformation; q
– the rod length L to its cross sectional side length r ratio. For simplification we neglected the volume of the
node (rod joints) and assumed that rods are of a square cross-section. During further calculations we have
estimated that results of modeling do not depend on the r value. So we may assume that qL1r == , .

Let us assume that in the coordinate system X Y Z the uniaxial strain is defined as ( )tfnm =ε  (other

components of strain are equal to zero). The system X Y Z position related to starting 000 zyx  one is defined
by Euler’s angles 321 βββ ,, . Once the function ( )tf  and Euler’s angles are known, let us define deformation

components in the 000 zyx  system (Fig.1). Then, displacements Eq.(2.1) can be written as follows
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Fig.2. Scheme of cantilever beam under strong
bending.
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( ) ( ) ( ) ( )321inmLi321inmLi txty βββξε=∆βββηε= ,,,,, .  (2.3)

Here ( ) ( )321i321i βββξβββη ,,,,,  – Euler’s angle functions which are related to the recalculation of tensor
components at coordinate axis rotation (Starovoitov, 2001). For the determination of forces iF  acting at the
ends of rods by the set deflections it is necessary to solve a strong flexure problem of a cantilever beam
taking into account material viscosity. At the same time, to describe the deformation of the low-density
porous materials ( )1.0V f <  it can be assumed that the rod is deformed equally at all its length L. Viscoelastic
behavior of the rod material is described by Rzhanitsyn’s relaxation kernel (Rzhanitsyn, 1968)

( ) 1t tAetR −αβ−=  (2.4)

where t – time, s; A, α , β  – kernel parameters.
Stress to strain relations are determined by the following equation (Starovoitov, 2001)

( ) ( ) ε=σ












ττυτ−−υ= ∫ ρχρχρχ f

t

0
f K3dtRG2s ,  (2.5)

where εσυρχρχ ,,,s  – the deviator and spherical parts of stress and strain tensors; ff KG ,  – shear and bulk
modules of the material, correspondingly.

For the beam deformations let us assume

( ) ( ) ( )l
2
1ll l0ll ω=εθ′λ+ε=ε λ,  (2.6)

where l – the coordinate along the rod median in the deformed state; λ – the coordinate perpendicular to θ;l
– the turning angle of the rod cross-section connected with flexural strain; θ−θ′  derivative of l coordinate;
ω – the rod cross-section turning angle as a function of shear strain; 0ε  – the deformation of a center line
passing through the cross section gravity center under tension or compression.

Allowance for flexural, shear and tensile-compression strains helps to describe the deformation of
“short” rods when their length is commensurable with the cross-section side length. For an arbitrary cross-
section shape the following expressions are valid

∫∫ ∫∫∫∫ λσ=σ=λσ=
S S

lll
S

ll dSQdSPdSM ,, (2.7)

where M – the bending moment; Q, P – the transverse and longitudinal forces. So, equilibrium equations for
the cantilevered rod for the large deflections case will take the form
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Substituting Eqs.(2.5) and (2.6) into (2.7) gives
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( ) ( )( ) ( ) ( )∫ ττετ−+ω+θ+ω+θ=ε
t

0
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( ) ( )ω+θ=′ω+θ=′ sin,cos yx

where J, S – the moments of inertia and cross-section area of the rod, correspondingly; fE  – Young’s
modulus of the rod material; k – the coefficient complying with non-uniformity of tangential stress
distribution over the cross-section area. At our calculations we assumed 1k = .

So a system of equations was obtained for the five unknown coordinates l and time functions. Let us
initialize the following boundary conditions: ( ) ( ) ( ) 0t0yt0xt0 ===θ ,,, . In Eq.(2.9) ξη,  are constants. A
solution to these combined equations using finite difference method make it possible to obtain free end of
rod coordinates as a function of five variables

( ) ( ) ( ) ( )tFFftLyytFFftLxx yxyLyxxL ,,,,,,,,,,, ξη==ξη== . (2.10)

During computation of Eqs.(2.9) it was taken into account that l coordinate differentiation is made in

deformed state. So, an increment of l parameter was assumed equal to ( )
0

0 n
L1ld ε+= . Here, 0n  is a

discretization number. Equation (2.9) was solved for the set t. It should be mentioned that the structure of
Rzhanitsyn’s relaxation kernel Eq.(2.4) causes that integral items in Eq.(2.9) contain γθ,  and 0ε  functions
which were defined during the previous steps.

The conditions for the calculation of the sought forces is of the type

( ) ( )

( ) ( )
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Equations (2.9) and (2.11) were solved with the help of MathCad® 7.0 software. The system of
nonlinear equations was solved using Newton’s method (Hudson, 1964). As the initial approximation we
took the solution of the previous step. So we obtain ( ) ( )t,,F,t,,F yx ξηξη  functions which can be presented
as follows
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At given t, coefficients ( )10...1jCC yjxj =,  can be defined by the standard regression procedures
(Hudson, 1964). Stress tensor components are related through forces Eq.(2.12) as follows
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Then stresses for X Y Z system were redefined. Because of the chaotic orientation of the unit cells of
the model obtained stress tensor components should be averaged by direction (Euler’s angles)
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So, for the known stress to time dependence we defined time dependencies of stresses in a
representative volume of the material.

3. Calculation examples

3.1. Shear strain

As an example of realizing the above technique let us examine the stress-strain state of an elastic
porous material based on the high density polyethylene (HDPE). Viscoelastic characteristics of this material
can be obtained by experimental data processing. Experimental data for HDPE were obtained by Goldman
(1979): MPa237G f = , MPa1402K f = , β−= s022.0A , 15 s10995.2 −−⋅=β , 175.0=α . We examined the
pure shear strain ( ) t05.0t =γ . Here, XZXZ 2ε=γ=γ  (all other deformation components are accepted equal
to zero). After redefinition of tensor components and homogenization operations Eq.(2.14) we obtained the
following expression for the tangential strain τ=σ XZ
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Assuming that the volume of the structural unit does not change, the following equation is satisfied

( ) ( ) ( ) .LxLxLxL 3
3L2L1L =∆+∆+∆+  (3.2)
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The dependence of ( )XZγτ  for simulated materials are presented in Fig.3 at 01.0V f =  (Fig.3а),
02.0V f =  (Fig.3b) and at 04.0V f =  (Fig.3с). The diagram in Fig.3а and the curve 1 in Fig.3b,с were plotted

taking into the solid phase viscosity and the curve 2 – with it. Dotted line corresponds to linear dependence ( )γτ .

a) b)

c)

Fig.3. Dependence of shear stress on shear strain for the flexible cellular plastics at ( )a01.0V f = ,
( ) ( )c04.0b02.0 and .

Based on the analysis of the dependences obtained we have come to the following conclusions:
• Linear elasticity equations γ=τ G  are true at low shear angles 025.0<γ . Initial shear resistance of the

material decreases with the strain rate drop.
• As shear strain reaches some critical value crγ  the material stiffness evenly increases. At strain rate

decreasing the effect of the increasing shear stiffness smoothes. The value of crγ  is independent of the
strain rate and increases as fV  rises.
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• At high shear strains ( ) ( )γτγ>γ cr3  the dependence becomes linear again: γ=τ 0G  and GG0 > .
These peculiarities agree with experimental results on elastic polyurethane foam deformation

published elsewhere (Hilyard and Cunningham, 1994). A more detailed quantitative comparison is
problematic due to lack of experimental data on the shear strain of elastic cellular plastics.

3.2. Volume strain

For the examination of strain behavior of porous materials at a uniform compression (tension) the
given volume strain VV∆=Θ  defines Lx∆  shear which is identical for all the rods of spherical structural

unit ( )[ ]11LL 31 −+Θ=∆ . So the system of Eqs.(2.9) will be simplified
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Equations (2.11) will transform into
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Solution of these combined Eqs.(3.4) allows one to define functions ( ) ( )t,xy,t,xF LLLx ∆∆ .
Hydrostatic pressure is conditioned in deformed state by the force Fx as follows

( )2
L

x

xL2
F3p
∆+π

= . (3.5)

So, at a given volume strain we can define the time dependence of hydrostatic pressure ( )tp .
Dependences of ( )Θp  obtained for HDPE at 01.0V f =  are presented in Fig.4. Volume strain ( )tΘ

changes in time under the law ( ) t08.0t −=Θ . The curves 1 and 3 in Fig.4 were plotted neglecting solid phase
viscosity; the curve 1 presents hydrostatic pressure Eq.(3.5) dependence on volume strain; the curve 3 corresponds

to stress defined as: 2
x

L2
F3p
π

= . The curve 2 in Fig.4 was plotted with allowance for solid phase viscosity.

At simulation of elastic behavior of a material with a small volumetric portion of solid phase 1q >>
we used the simplified expression for the force xF
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obtained by the small parameter method (Gromov and Raetzki, 1971). Here 
0

12

2

0 p
22C

L4
p =

π
= , . During

a supercritical rod behavior only the rod flexure was taken into account in the latter expression. Results
obtained by Eqs.(3.6) for 01.0V f =  practically coincided with the curve 1 in Fig.4. Analysis of Fig.4 leads
to the following conclusion:
• At low volume strains ( ) ( )Θσ<Θ 0005.0  curve is practically linear. As the strain rate decreases the

bulk modulus of the material decreases too.
• When the volume strain reaches some critical point crΘ , the stiffness of the porous material reduces

stepwise. This can be explained by the fact that the unit cell ribs lose stability. So, Eqs.(3.6) for crΘ  yields

f

3

cr V
72
π

≈Θ .  (3.7)

Critical volume strain values do not depend on the strain rate.
• A further increase of hydrostatic pressure is caused mainly by a reduction of the surface area of the

compressed material. At the same time, the force xF  which affects the cell ribs does not practically
increase.

Fig.4. Dependence of hydrostatic pressure p on volume strain for cellular plastics.

3.3. Uniaxial stress

Averaging in all possible loading directions Eq.(2.14) makes the simulated material isotropic at a
macroscopic level. So the ( )γτ  function characterizes the dependence of stress on strain deviators
components ( ) ( )nmnm 2s υ=γτ . Thus if the functions ( )γτ  and ( )Θp  are known, it is possible to simulate
isotropic material behaviour at an arbitrary homogeneous stress-strain state. Hence, for the uniaxial stress
( )0ZZ ≠σ  the following relations are true
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We introduce the transversal strain factor 
ZZ

XX
ε
ε

−=µ , which is analogous to Poisson’s ratio in the

linear elasticity region. Making all allowance for strong bending flexures of ribs where µ  depends on the
strain ZZε , the dependence is determined by the following equation

( ) ( )( )( ) .111p21
3
4 2

ZZZZZZ −µε−ε+=





 µ+ετ  (3.9)

It was obtained that the ( )ZZεµ  function does not depend on the strain rate. In Fig.5 the dependence
of the transverse deformation factor µ  on the longitudinal strain ZZε  at stretching (а) and compression (b) of
an elastic cellular plastic based on HDPE ( )01.0V f =  is presented. Upon compression the strain reaches

some critical value ZZε , µ  rapidly decreases and becomes negative at %9.0ZZ >ε . Such an abnormality of
elastic behavior was experimentally observed in polyurethane (Choi and Lakes, 1995; Chan and Evans,
1997) and polyethylene (Brandel and Lakes, 2001) foams. Earlier investigations showed that this effect may
occur in cellular materials with a honeycomb microstructure (Shilko et al., 1998) or a tetrakaidecahedral cell
when the cell ribs are buckled inward (Choi and Lakes, 1995).

a) b)

Fig.5. Dependence of transversal strain factor µ  on longitudinal strain ZZε  at stretching (а) and compression
(b) of flexible cellular plastics.

At stretching µ  also decreases rapidly while the strain reaches crε . Besides, the ( )ZZεµ  dependence

rapidly passes on the horizontal plateau ( ) 0
ZZ const ν==εµ , where 0ν  is defined as

0

0
0

G2K6
G2K3

+
−

=ν   (3.10)

here K – the foam bulk modulus defined by the initial part of the ( )Θp  curve; 0G  – the shear modulus
defined by the ( )γτ  curve.

This enabled us to make the following conclusions:
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• At small strains the µ  value remains constant and coincides with Poisson’s ratio.
• Upon compression the strain reaches some critical value µε ,cr  rapidly decreases and becomes negative

at %9.0ZZ >ε .
• At stretching µ  decreases rapidly while the strain reaches crε  and ( )ZZεµ  dependence rapidly passes

on the horizontal plateau.
By defining the ( )ZZεµ  function the dependence of stress ZZσ  on strain ZZε  can be obtained

( ) ( )[ ] .1
3
4

2
3

ZZZZZZZZ 





 εµ+ετ=εσ  (3.11)

a) b)

Fig.6. Dependence of stress ZZσ  on longitudinal strain ZZε  at stretching (а) and compression (b) of flexible
cellular plastics.

Stress on strain relations for the simulated foam described above ( )01.0V f =  are presented in Fig.6.
Curve 1 is plotted without taking account of the solid material viscosity ( )0A =  and the curve 2 corresponds

to ( )0As1.0 1 ≠−  strain rate. At a uniaxial stress the following peculiarities of ( )ZZZZ εσ  relationship can be
mentioned
• At small strains ( )ZZZZ εσ  relationship is practically linear. Young’s moduli E at compression and

tension coincide and E values drop as the strain rate decreases.
• As soon as the compressive strain reaches the critical meaning crε  material stiffness decreases stepwise

and henceforth the curve ( )ZZZZ εσ  passes on the practically horizontal plateau. This is a characteristic
feature of most flexible polymer foams (Weaire and Fortes, 1994; Choi and Lakes, 1995). crε  value
does not depend on the strain rate.

• As the tensile strain reaches crε  the material gets toughened. This fact was confirmed in a number of
experiments (Hilyard and Cunningham, 1994, Wang and Cuitiňo, 2000).

At small strains the stability of µ  allows us to determine the correlation between crcrcr γΘε ,,
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4. Comparison with experimental data

To estimate the applicability of the theoretical model for foam deformation, the properties observed
in experiments we compared with the calculated and experimental values of the relative Young’s modulus

fEE  and critical strains crε  proceeding from the following considerations: The majority of experimental
data on elastic foams deformation refer to their uniaxial compression; the calculated stress on strain
dependence (Fig.6) as well as experimental one are almost linear at crε<ε . As it was shown by Hilyard and
Cunningham (1994), ( )ZZZZ εσ  dependence at crZZ ε>ε  to a certain degree is conditioned by
inhomogeneity of the material inner structure.

Fig.7. Dependence of relative Young’s modulus fEE  on the solid phase volumetric fraction fV  for the
flexible foam.

While defining Young’s modulus E of elastic cellular plastic we assumed that rod cross-section turning
angles are small ( ) ( )( )0,1 ≈ω+θ≈ω+θ sincos  and did not consider rod viscosity. In this case solutions to
Eqs.(2.9) and (2.11) can be obtained in an analytical form. For the relative Young’s modulus we have

( )
( )ff

ff
f

f 89V3216

47V36
V

E
E

ν+π+

ν+π+
=    (4.1)

where fν  – the solid phase Poisson’s ratio. In particular, for the elastic polymer material we assume 49.0f =ν .

Expressions (3.7) and (3.12) also allow an approximate analytical expression for the critical strain crε

     
( )[ ]

( )[ ]ff

ff
3

f
cr

v47V3672

v89V72V

+π+

+π+π
=ε . (4.2)

The dependence of the relative Young’s modulus fEE  on the relative solid volume fraction fV  for
the elastic foam is presented in Fig.7. In Fig.7 curve 1 corresponds to Eqs.(4.1). Line 2 in Fig.7 agrees with
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the results obtained by Warren and Kraynik (1987). Line 3 meets the results obtained by Beverte and
Kregers (1987) using the semi-axes hypothesis. Line 4 corresponds to the analytical expression

           ( ) f
f

f
V16.021

3
V

E
E

=ν′−= ,    (4.3)

obtained by Gibson and Ashby (1982). Where ν′  – Poisson’s ratio of the material dependent on the number
of rods in a structural unit N. For the simulation of mechanical behavior of rubber foam Gibson and Ashby
(1982) used a structural element with 8N4 << , when 26.0=ν′ . Curve 5 in Fig.7 corresponds to the
empirical relation for the relative Young’s modulus of foam rubbers (Hilyard and Cunningham, 1994)

          ( )2
ff

f

f
V3V72

12
V

E
E

++= .               (4.4)

Circles in Fig.7 reflect experimental data for the foam rubber (Hilyard and Cunningham, 1994;
Dement’ev and Tarakanov 1970a; Lederman, 1971). Figure 7 proves that our technique makes it possible to
predict quite accurately the stiffness of the simulated material at 15.0V f < . At low fV  Young’s modulus
assumed by our simulation is identical to that Warren and Kraynik (1987). At high values of fV  Eq.(4.4)
should be used. Certain errors arising at the application of the theory to materials with 15.0V f >  are
because at great fV  values, approximation of the rods used in our work becomes unacceptable.

Fig.8. Dependence of critical strain crε  at uniaxial stress on solid phase volumetric fraction fV  .

In Fig.8 the dependence of critical strain crε  which corresponds to decreasing of material stiffness
on the solid phase volume fraction fV , is presented. Line 1 in Fig.8 was drawn using data obtained from
Eq.(4.2). Line 2 is plotted in accordance with the technique proposed by Dement’ev and Tarakanov (1970b),
which is based on the rod model analysis. The model consists of the ordered 14-faced cells. Dement’ev and
Tarakanov (1970b) assumed that at compression the cell ribs experience only compressive load. Line 3 in
Fig.8 is based on the results of cubic structural unit simulation proposed by Warren and Kraynik (1987). Line
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4 in Fig.8 is built using equations obtained by Beverte and Kregers (1987). Circles in Fig.8 correspond to
experimental values of crε  for elastic polyurethane, semirigid poly(vinyl chloride) and rubber foams
(Hilyard and Cunningham,1994; Dement’ev and Tarakanov, 1970a). It is worth noting that our technique
renders it possible to simulate mechanical behaviour of flexible foams and to predict crε  values more
correctly as compared to other ones (Warren and Kraynik, 1987; Dement’ev and Tarakanov, 1970a,b;
Weaire and Fortes, 1994).

5. Conclusions

The proposed model predicts the following features of experimental stress-strain curves for elastic
cellular plastics:
1. Existence of critical strain. Its surpassing at compression gives rise to a sharp reduction in the material

stiffness, while at stretching to its increase.
2. Young’s modulus of a porous material decreases as the deformation rate decreases and the critical strain

does not depend on the strain rate.
The technique ensures more accurate results in prediction of critical strain and Young’s modulus

values for the low-density ( )15.0V f <  foams in contrast to these published elsewhere and may be
employed in biomechanical design of human implants as well as in engineering (cushioning, insulating,
damping, packing).
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Nomenclature

yjxj C,C – expansion factors of force iF  components by Euler’s angle function ( )10..1j =

iF – force acting on the i-th rod end;
0G,G – shear modulus of porous material at small and large shear strains

ffff ,E,K,G ν – shear modulus, bulk modulus, Young’s modulus and Poisson’s ratio of rod material
S,J – inertial moment and cross-section area of the rod
k – coefficient denoting distribution inhomogeneity of tangential stress over cross-section area
r,L – common length and cross-sectional plane length of rod in structural unit
l – coordinate along rod median in deformed state

M – bending moment
p – hydrostatic pressure
εσυρχρχ ,,,s – deviator and spherical parts of stress and strain tensors
P,Q – transverse and longitudinal forces
q – rod length to cross-section face length ratio
fV – solid phase volume fraction

Z,Y,X – new coordinate system turned by 321 βββ ,,  angles relative to 000 z,y,x
y,x – rod coordinate system
000 z,y,x – basic Cartesian coordinate system for structural unit

LiLi y,x – i-th rod end coordinates
βα,,A – Rzhanitsyn’s relaxation kernel parameters

321 βββ ,, – Euler’s angles
γ – shear strain
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00mn
γ – shear strains ( )00

mnmn
mn2 0000 ≠ε=γ at

0ε – strain of median passing gravity center of cross-section (tension-compression)

0000 mnmn
,σε – stress and strain tensor components affecting structural unit in ( )00000000 zyxmnzyx ,,, =  system

nmnm , σε – stress and strain tensor components affecting structural unit in ( )ZYXmnXYZ ,,, = coordinate system

crcrcr γΘε ,, – critical longitudinal, volume and shear strains values
( )
( )321i

321i
βββξ
βββη

,,
,,,

– functions of Euler’s angles attributed to recalculation of tensor components at coordinate axes turn

θ – turn angle of rod cross-section related with flexural strain
θ′ – θ  derivative by l coordinates
λ – coordinate referred perpendicularly to l
µ – transversal strain factor
τ – shear stress
ω – turn angle of rod cross-section related to shear strain
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